The packing chromatic number χ ρ (G) of a graph G is the smallest integer c such that the vertex set V (G) can be partitioned into sets X 1 , ..., X c , with the condition that vertices in X i have pairwise distance greater than i. In this paper, we consider the packing chromatic number of several families of Sierpiński-type graphs. We establish the packing chromatic numbers of generalized Sierpiński graphs S n G where G is a path or a cycle (with exception of a cycle of length five) as well as for two families where G a connected graph of order four. Furthermore, we prove that the packing chromatic number in the family of Sierpiński-triangle graphs ST n 4 is bounded from above by 20.
Introduction
A c-coloring of a graph G is a function f from V (G) onto a set C = {1, 2, . . . , c} (with no additional constraints). The elements of C are called colors, while the set of vertices with the image (color) i is denoted by X i . Let u, v be vertices of a graph G. The distance between u and v in G, denoted by d G (u, v) , equals the length of a shortest u, v-path (i.e. a path between u and v) in G.
Let f be a k-coloring of a graph G with the corresponding sequence of color classes X 1 , ..., X c . If each color class X i is a set of vertices with the property that any distinct pair u, v ∈ X i satisfies d G (u, v) > i, then X i is said to be an i-packing, while the sequence X 1 , ..., X c is called a packing i-coloring. The smallest integer c for which there exists a packing c-coloring of G is called the packing chromatic number of G and it is denoted by χ ρ (G) [2, 4] .
If n is a natural number, let [n] denote the set {0, 1, . . . , n − 1}, Let G be an undirected graph with vertex set [k] . The generalized Sierpiński graph S n G of G of dimension n is the graph with vertex set [k] n , while vertices u, v ∈ V (S Partialy motivated by the fact that Sierpiński graphs belong to a family of subcubic graphs, Brešar et al. [3] determined bounds on the packing chromatic number of Sierpiński graphs with base 3. The exact chromatic number on this class of graph was recently determined in [10] .
The packing chromatic colorings of generalized Sierpiński graphs as well as of SierpiÂ´nski triangle graphs have been studied by Brešar and Ferme [1] who determined the packing chromatic numbers of S n G for all connected graphs G on 4 vertices with the exception of two families (generated from K 4 − e and the paw graph), while for the packing chromatic number of Sierpiński triangle graphs an upper bound 31 was established. This paper is organized as follows. In the next section, we describe basic definitions as well as the result which provides the upper bounds on the packing chromatic number of generalized Sierpiński graphs and Sierpiński triangle graphs. In Section 3, we report on the packing chromatic number of generalized Sierpiński graphs S n G where G is a connected graph of order four. With the presented results, we solve the problem of determining the packing chromatic number for this family of graphs. In Section 4, we consider the the packing chromatic number of generalized Sierpiński graphs S n G , where G is a path or a cycle. These numbers are determined for all paths and cycles with the exception of a cycle of length five where the exact numbers are found till the dimension six while for other dimensions an upper bound is provided. The paper is concluded with results on the packing chromatic number in the family of Sierpiński-triangle graphs ST n 4 . In particular, we show that this number is bounded from above by 20 and therefore substantially improve previous results. 
Preliminaries
(ju, jv) (see also [6] 
Proof. Let f be an extendable packing c-coloring of S G , and let f be a c-coloring of S +1 G such that f restricted to jS G equals f for every j ∈ E(G).
We first show that f is a packing k-coloring of S In this section, we establish the packing chromatic numbers for these two families of graphs.
, n = 4 10, n ≥ 5 Proof. For n ≤ 3, the result is presented in [1] . Since we showed with SAT solver that neither a packing 8-coloring of S 
Proof. For n = 1, this is the result presented in [1] , as well as the lower bounds for = 2 and n = 3.
Since we showed with our SAT solver that a packing 7-coloring of S 
Proof. (i) Note that A = {11, 12, 13, 14, 20, 21, 22, 23} is a subset of V (S ). Moreover, the graph induced by B is isomorphic to the graph H defined in [1, Lemma 3] . Since χ ρ (H) ≥ 5, the assertion follows.
induces a path with seven vertices, we have χ ρ (S Let f be a 4-coloring of S 2 P k defined as follows:
2, j ≡ 1 (mod 4) and i = j 3, j ≡ 3 (mod 4) and i = j 4, j ≡ 1 (mod 2) and i = j If i is even, then f restricted to iP k is the sequence 1, 2, 1, 3, 1, 2, 1, 3, . . ., while for i odd, we obtain the same sequence with the exception that it admits exactly one vertex with color 4 at the position i. It is straightforward to see, that both sequences imply a packing 4-coloring of P k . In order to show that f is a packing 4-coloring of S By definition of f , for x = ij and y = ji we have
and
Thus, we consider the following cases.
(i) If f (x) = 1, then either f (y) = 2 or f (y) = 3. We have that f (x − ) = 4 and
. The vertices closest to x + in (i + 1)P k with color 3 (resp. 2) are y −− and y ++ . Since both are at distance four from x + , this case is settled.
, we have to consider only vertices close to x. Note that f (y − ) = 4, thus, vertices in (i + 1)P k of color 3 (resp. 2) are clearly at distance at least four from y and the assertion follows. Proof. For n = 2 this is Proposition 3, while for n ≥ 3 the lower bound is given by Proposition 2. If k = 3 and n ≥ 3 note that the packing 3-coloring of S 2 P 3 presented in the proof of Proposition 3 is an extendable packing 3-coloring of this graph.
Let n ≥ 3, s, i, j ∈ [k] and w ∈ [k] n−3 . We define a 5-labeling f of S n P k as follows:
2, j ≡ 1 (mod 4) and i = j 3, j ≡ 3 (mod 4) and i = j 4, j ≡ 1 (mod 2) and i = j and s ≡ 0 (mod 2) 5, j ≡ 1 (mod 2) and i = j and s ≡ 1 (mod 2)
From the proof of Proposition 3 it follows that a restriction of f to a copy of S
is either a packing 4-coloring or a packing 5-coloring of S
In order to see that f is a packing 5-coloring of S n P k , note that an edge of S n P k that does not belong to a copy of S 2 P k connects vertices u and v of the form u = wij
and |i − j| = 1. Assume that f admits vertices α ∈ V (zjS ξ and d(α, β) ≤ ξ. We may assume w.l.o.g. that i ≡ 0 (mod 2). Thus, by definition of f , we have f (u) = 1 and f (v) ∈ {4, 5}. Note that v is of degree three, say N (v) = {u, u , u }. Moreover, all vertices in N (v) have color 1. It follows that ξ = 1. If f (v) = 4 (resp. f (v) = 5), then the copy of S 2 P k that contains u does not admit a vertex with color 4 (resp. 5). It follows that ξ ∈ {4, 5}. Finally, since the vertices of N (u) \ {v} are at distance four from the vertices of (N (u ) ∪ N (u )) \ {v}, we have ξ ∈ {2, 3} and we obtain a contradiction. Since we showed that f is a packing 5-coloring of S n P k , the proof is complete. Moreover, wS 2 C k is composed of k copies of C k and a copy that admits the vertex wij will be denoted as iC k .
In the proofs of below propositions, we define a packing coloring of wS
n−2 such that the coloring of every iC k is given either explicitly or as a sequence of colors for vertices wii, wi(i + 1), wi(i + 2), . . . , wi(i + k − 1) (addition modulo k). Let also wxyz stand for the sequence of colors wxyz which can be repeated as needed in order to color all vertices of iC k .
Proposition 4. Let k
is composed of k copies of C k such that for i, j ∈ [k] an edge joins a vertex x in iC k with a vertex y in jC k if and only if i = j + 1 (addition modulo k). Moreover, x and y are of the form ij and ji, respectively. . We label iC k such that we start at the vertex ii. If i is even (resp. i is odd), we use the sequence 1213141213 (resp. 41213142131213).
We can see analogously as in the proof of Proposition 3 that above colorings are packing 4-coloring of S 2 C k for k ≡ 0 (mod 4) and k ≡ 2 (mod 4), respectively.
as follows:
Analogously as in the proof of Theorem 3, we can show that f is a packing 5-coloring of S
We define a coloring of wS
n−2 . More precisely, we color iC 4t+2 of wS
such that we start at the vertex ii and consecutively label its vertices with the sequences presented in Table 1 . In order to see that the coloring defined in Table 1 . Since we can see that the obtained coloring is expandable, we showed that χ ρ (S n C 10 ) ≤ 5. Note that the procedure for t ≥ 3 and n = 2 repeats the coloring of the first four cycles (depicted by the dashed line in Fig. 5 ) in a way that the coloring remains expandable. Moreover, since the coloring of each C 4t+2 is extended either with the pattern 1312 or 1213, the conditions of expandable coloring are still fulfilled. Thus, we obtain an expandable packing 5-coloring of S 2 C 4t+2 and the case is settled. For k = 4t + 3, we define a packing 5-coloring of S 2 C k as described in Table 2 . Since we can obtain by this procedure an expandable packing 5-coloring of S 2 C 11 depicted in Fig. 6 , we can show by using the same arguments as above that χ ρ (S n C 4k+3 ) ≤ 5. For k = 4t + 1, t ≥ 3, we can construct a packing 5-coloring of S 2 C k from an expandable packing 5-coloring of S 2 C 13 depicted in Fig. 7 . The construction for t ≥ 4 repeats the first four cycles (depicted by the dashed line) of this graph as needed, while the coloring for each cycle is extended with the pattern 1213 which can be found in every C 13 of Figure  7 . Note that the conditions of expandable coloring are still fulfilled with this procedure. Proof. For n ≤ 2, this is the result presented in [1] . Since we showed with SAT solver that a packing 11-coloring of ST 
